Abstract. Some new and improved results on the minimum representation problem for key systems will be presented. By improving a lemma of the second author we obtain better or new results on badly representable key systems, such as showing the most badly representable key system known, namely of size
Introduction
Consider a relation name R in the relational database model. Let Ω(R) be a finite set, its elements are called the attributes of R. If |Ω| = n we say that the arity of R is n. The relation name and the set of attributes together are called the relation schema and denoted by R [Ω] . Suppose, that there is given a (countably) infinite set dom. An n-tuple over the relation schema R[Ω] is a total mapping u from Ω to dom. A relation instance over a relation schema R[Ω] is a (possibly empty) finite (multi)set I of n-tuples over Ω.
The value of the n-tuple u on an attribute A is denoted by u(A). A key is called minimal key, if it does not contain any other key as a proper subset. Since the set of keys and minimal keys determine each other (each subset of the attributes that contain a key is also a key), it is natural to investigate the system of minimal keys, which usually contains fewer members, smaller in size. Keys can be widely applied in database management, see [1] .
A family F of subsets of a finite set is called a Sperner system, if for F 1 , F 2 ∈ F the property F 1 ⊆ F 2 holds. The system of minimal keys is clearly a non-empty Sperner system. For a Sperner system K let us introduce the notation
We call an element of I(K) a representation of K. The following basic theorem of W.W. Armstrong and J. Demetrovics states, that for every non-empty Sperner system, there is always a representation of it, i.e., there exists a relation, in which the system of minimal keys is exactly the given family of sets.
Theorem 1.1. [2, 4] If K is non-empty, then I(K) = ∅.
In view of Theorem 1.1 it is natural to ask for the minimum size of a relation, that represents a given system of keys. Formally let s(K) = min{|I| I ∈ I(K)} denote this minimum.
Suppose, that little a priori information is known about the structure of a given database instance. If a theorem ensures the validity of an inequality among the parameters of a database and we have information on the actual values of a part of these parameters then a statement may be deduced for the rest of the parameters of the given instance. In our case, we have a theorem for the following three parameters: number of attributes, system of minimal keys (this is not a number!) and the size of the relation. So if the size of the instance is less than the size of this minimal sample database, then the system of minimal keys can not be this one, our hypothesis on the system of keys can be rejected. This argument is trying to justify the investigation of the quantity s(K). The goal of the present paper is to extend our knowledge on the minimum representation problem of key systems. In addition to its importance they usually raise interesting and sometimes challenging mathematical problems.
Let us start with presenting some earlier results on minimum representation. 
Informally, we say that a Sperner system K is well/badly representable if s(K) is close to the lower/upper bound of Theorem 1.2. It is easy to see, that a minimal representation have the following two basic properties.
